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ABSTRACT 

The simulation of breaking process of continuum is an important issue for discrete element 
method. An explicit bonding method is developed based on Rigid Body Spring Method 
(RBSM) to simulate fracture with Dilated-polyhedron DEM (DP-DEM) in this paper. 
Minkowski sum of basic polyhedron and sphere is used to generate the dilated polyhedral 
element. Bond points are fixed on the common face between elements. Each bond point 
represents average area of the common face. The strain on every bond point is calculated by 
the division of distance between bond points and characteristic length. Then the stress can be 
determined according the stiffness in RBSM. The bond force at bond point is evaluated by 
stress and average area of every bond point. So the resultant force and moment of each 
element could be obtained by summation of force at each bond point and its moment to mass 
center. The complex matrix calculation and the integral for stiffness in RBSM could be 
avoided to save computational resources. The fracture on the interface is decided by Mohr-
Coulomb criterion. After the fracture, DEM would take charge of the broken element in 
contact computation. This method is built to simulate the fracture of sea ice interacting with 
structure. The ice loads on structure and broken ice shape is analyzed to measure the 
applicability of this method in sea ice simulations. 
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1. INTRODUCTION 

Since the discrete element method (DEM) has been acknowledged to be a valid method to 
study granular matter, the studies of simulating fragmentation of brittle material with DEM 
have obtained a lot of attentions for its simple mathematical model and parallel algorithm 
(Potyondy and Cundall, 2004). However, sphere-based DEM has drawbacks because of the 
intervals inside the assembly of spheres. Therefore, the polygonal/polyhedral element is still 
widely used in DEM (Hopkins, 2014). 
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Minkowski sum is introduced to generate dilated polyhedron with tunable grain roundness 
(Mollon and Zhao, 2012). This method avoids the singularity of corner contact pattern and 
the choice of contact points (Pournin and Liebling, 2005). Due to the dilated part in geometry, 
the contact detection could overcome the unphysical behavior of multiple simultaneous 
contacts. Based on dilated polyhedral element, Galindo-Torres (2012) developed a bond 
model to simulate fracture of material by an appropriate failure criterion. However, the stress 
and strain on the cohesive interface are evaluated inappropriately in the bond model 
(Gerolymatou et al., 2015). Besides, the parameters used in this model can only be 
determined by a series of numerical tests. 

Finite Element Method (FEM) is employed with DEM to analyze breaking process named as 
coupled FEM-DEM model (Munjiza et al., 2014) due to the calculative precision of stress 
and strain. The Rigid Finite Element Method (RFEM), or called as Rigid Body-Spring 
Method (RBSM) (Kawai, 1978; Zhang, 1999) builds cohesion on the interface between 
adjacent elements. This method uses displacement of every element mass center as the degree 
of freedom, while the stress precision can be maintained at the same level with displacement 
precision. The coupled RBSM and DEM method is successful in simulating concrete failure 
process (Zhang et al., 2001; Nagai et al., 2005). Thus RBSM is an effective numerical way to 
study failure process.  

DEM and FEM, and their coupling method are valid ways to study ice failure and ice loads. 
The dilated disk element is used to simulate floe ice jam in a river, which is similar with 
dilated polyhedral element (Hopkins, 2004). The coupled FEM-DEM method is adopted in 
ridge keel punch through tests by modelling freeze bonds between ice blocks (Polojärvi and 
Tuhkuri, 2013). The crack propagation by wing crack model in ice is studied by FEM (Kolari, 
2015). Through numerical tests of compression and bending, the parameters of parallel-bond 
model of spherical element in DEM are studied to analyze the ice loads on structure (Ji et al., 
2016). These numerical approaches become more and more important in engineering. 

RBSM is modified as an explicit algorithm in this paper. Then it is adopted in dilated 
polyhedral DEM (DP-DEM) to simulate interaction between ice and conical structure. The 
ice loads on structure is analyzed and compared with field data of Bohai Sea. 

2. NUMERICAL METHODOLOGY 

Minkowski sum theory is used to generate the dilated polyhedral element (Ji et al., 2016). 
DEM with the dilated polyhedral element is established. Hereby RBSM is modified by 
abandoning matrix calculation, which fits to insert to the data structure in DEM. 

2.1. Dilated Polyhedral DEM 

The nature of Minkowski sum theory means sweeping one geometric shape around the 
profile of the other. The dilated polyhedron is the result of Minkowski sum by a basic 
polyhedron and a sphere, i.e., the sphere sweeps on the profile of the basic polyhedron, 
shown in Figure 1. 

 



Figure 1. The dilated polyhedron generated by a basic polyhedron and a sphere. 

Due to the dilated part in geometry, the profile of dilated polyhedron is smooth curve, 
including sphere, cylinder and flat face. The contact force model could be built by Hertz 
Model (Liu et al., 2016). 

The normal force between them can be modelled by considering the elastic force caused by 
normal elastic deformation and the normal viscous force caused by relative velocity as 
viscoelasticity model: 

୬ܨ  ൌ ݇୬ߜ୬  ሶ୬ (1)ߜ୬ିଵߜ୬ܥ

where ݇୬ is normal contact stiffness which depends on specific contact pattern; κ is usually 
1.5 in Hertz model; ߜ୬ and ߜሶ୬ are normal deformation and normal relative velocity; ܥ୬ is 
normal damping coefficient. 

Likewise, ignored tangential viscous force, tangential force is defined by tangential elastic 
force, and related with friction force: 

∗ୱܨ  ൌ ݇ୱߜ୬ିଵߜୱ (2)
ୱܨ  ൌ minሺܨୱ∗, signሺܨୱ∗ሻܨߤ୬ሻ (3)

where ݇ୱ  is tangential stiffness, and ݇ୱ ൌ ୱ୬݇୬ݎ . Here ݎୱ୬  is defined as 1/2ሺ1   ሻߥ
according to the relationship between elastic modules and shear modules of isotropic material, 
 .is friction coefficient ߤ ;ୱ is the tangential elastic deformationߜ .is the Poisson ratio ߥ

2.2. Modified RBSM 

The integral equilibrium equation of RBSM can be obtained by Galerkin theory, written as 

 න δ࢛ሺ࣌ሻ݀ܵ
ௌ

 න ࢌሺ࢛δߩ െ ሻܸ݀ࢇ


ൌ 0 (4)

where ࣌ is the Green stress tensor,	 is the outer normal vector of the interface between two 
adjacent elements, S is the area of interface, ߩ is the mass density, ࢌ is the mass force, ࢇ is 
the acceleration, ܸ means the continuum volume, ࢛ ൌ ሼݑ		ݒ		ݓሽ is the displacement of the 
mass center. 

As shown in Figure 2, the bonds (springs) are established on the point of the common 
face between the two adjacent elements. The normal and shear force are considered between 
the two bonded points. In this paper, the bonded points are chosen as the corner points of the 
common face. The normal strain is evaluated on every bonded point by the following formula 

୬ߝ  ൌ
ࢊ ∙ 
ܥ

 (5)

where	 is the normal vector, which is defined as the normal of the angle bisecting plane 
between the bond faces of the two adjacent elements; ܥ is a scalar named as characteristic 
length, which is the summation of the distances from element centers to the interface of the 
two elements, as 

ܥ  ൌ ݄  ݄ (6)



          
(a)                                    (b) 

Figure 2. The common face of the adjacent elements: (a) Two adjacent elements; (b) The 
common face of the two adjacent elements, A is the area of the face. 

The shear strain is obtained by 

୲ߝ  ൌ
ࢊ| െ ࢊ ∙ |

ܥ
 (7)

The two directions of shear force are considered to compose in only one direction ࢚ ൌ
unitሺࢊ െ ࢊ ∙  .ሻ, because the shear force would finally be transformed on the mass center
Based on the elastic matrix in RBSM, the stress is calculated by 

࣌  ൌ
ሺ1ܧ െ ሻߤ

ሺ1  ሻሺ1ߤ െ ሻߤ2

1 0

0
1 െ ߤ2
2ሺ1 െ ሻߤ

൩ (8) ࢿ

where ࣌ ൌ ሼߪ		߬ሽ, ࢿ ൌ ሼߝ୬		ߝ୲ሽ. The bond force between two bonded points is 

ࡲ  ൌ ࣌ ∙
ܣ
݊

 (9)

All bond force between bonded points on the interface would be determined by Eq. (9) 
and transformed on the mass center. With contact force together, the motion of every element 
is obtained by explicit integral algorithm. 

2.3. Fracture Criterion 

Mohr-Coulomb criterion is adopted to detect the failure which is divided in the normal and 
shear direction separately, see Figure 3. In normal direction, the tensile strength is a given 
threshold ߪୠ

୬, and the failure in tension is determined by 

ߪ  ൏ ୠߪ
୬ (10) 

The shear strength is controlled by the following equation 

 ߬ୠ ൌ ܥ   (11) ߠ୬tanߪ

where ܥ is cohesion; ߠ is internal friction angle, ߤୠ ൌ tanߠ is internal friction coefficient; 
 .୬ is the normal stress. Note that tension is negative and compression is positive. With Eqߪ
(11), the compressive stress is related with shear strength. The failure in shear direction is 
determined by 

 ߬ ൏ ߬ୠ (12) 



 

Figure 3. Failure criterion. The normal strength is a given threshold, while the shear strength 
is related to the compression stress determined as Eq. (11). 

Mohr-Coulomb criterion is not quite appropriate for the compressive failure. Other strength 
criterions, related to stress intensity factor, fracture toughness, etc., could be adopted here to 
improve the computational accuracy (Gui et al., 2015; Guo et al., 2015). 

2.4. Contact Detection 

Contact detection is the most cumbersome part which affects the computational efficiency 
seriously in polyhedral DEM. The detecting time interval is taken into the simulation which 
means a potential contact list is built and updated at every detecting time interval. The 
detecting time interval is usually 10~20 times as much as simulating time interval. Besides, 
because the contact detection is not implemented every time step, the detecting terms need to 
be softened a little to ensure the accuracy during detecting time interval. 

The contact detection is divided into three steps: uniform grid method, filter contact pairs, 
and detecting contact pattern and contact point. Uniform grid method is widely used in 
collision detection in game programming, and it is quite efficient in spherical DEM. Filtering 
the possible contact pair generated in the upper step is the most important step here. Acctually 
this algorithm is developed from the Separation Axis Algorithm (SAA) (Torquato et al., 
2009). The main object of the filtering process is to find a face of a polyhedron which all the 
vertices of the adjacent polyhedron are outside of. Different from traversing all vertices and 
faces of polyhedra in SAA, this algorithm would break out if the object has already been 
achieved, which aimed at convex polyhedron technically. 

Although a remarkable improvement is provided in the detection part, we still pursue a higher 
efficient way for contact detection and even the whole simulation process. Thus, the OpenMP, 
an effective parallel computing technology, is adopted here for element-level parallization 
which improve the computational efficiency on the basis of the modified detection method. 
This parallel level is coarse-grained, and fine-grained parallelization could be built at contact-
type-level actually. The fine-grained parallelization would provide a more efficient way, but it 
requires a more complex data structure to avoid the access conflict in threads (Nishiura et al., 
2011), which would also occupy more memory. 

3. DP-DEM SIMULATION OF ICE-STRUCTURE INTERACTION 

The ice load on conical structure interacting with level ice is simulated by DP-DEM with 
bond model. The structure is modelled according to the cone pile in Bohai Sea for the 
comparison between simulation and field data. Figure 4 is a snapshot of the ice breaking 



process. 

 

Figure 4. A snapshot of level ice simulation. Obvious bending failure is observed during the 
ice breaking process in this picture. 

Figure 5 is the ice load in x direction when ߪୠ
୬ ൌ 1.0	MPa and ߪୠ

ୱ ൌ 0.5	MPa. Comparing 
the simulation result and the field data in Bohai Sea, the data is shown in Table 2. The ice 
load exhibits the feature of bending failure, which conforms to Figure 4. The comparison 
with field data of Bohai Sea is shown in Table 2. 

 

Figure 5. Ice load in x direction: ߪୠ
୬ ൌ 1.0	MPa and ߪୠ

ୱ ൌ 0.5	MPa. 

The comparison with field data of Bohai Sea is shown in Table 1. The average mean forces 
are close, while the standard deviation have bigger difference. Obviously bond strengths and 
their ratio have important effects on the ice load. The approach to choose appropriate 
strengths requires more specific study on this numerical method. Usually the strengths used 
in simulation are based on bending and compressive experiments of ice. However, the 
strengths used in this method have deviation with practical strengths due to the numerical 
approximation of stress determination. The validation of bond strengths is necessary to 
evaluate the error of this method. 

Table 1. Comparison between DEM results and field data 
Definitions Simulation (kN) Field data in Bohai (kN) 

Average mean force 21.78 29.3 

Standard deviation 9.63 21.3 
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On the other hand, the ice load on conical structure is affected by ice thickness and cone 
diameter. The ratio between ice thickness (h) and cone diameter (D) is studied by comparing 
with field data of Bohai Sea, see Figure 6. The numerical results is bigger but close to field 
results. The ice load in this figure exhibits in linear. However, it cannot be summarized that 
the ice load is linear with h/D. The ratio changes in the simulation are all due to the change of 
ice thickness, while the cone diameter keeps the same. In fact, the cone diameter also changes 
little in the field data. So the cone diameter is not considered severely. But the comparison 
shows DP-DEM is an effective way to study the ice load on structure. 

 

Figure 6. The ice load affected by the ratio between ice thickness and cone diameter. The ice 
loads in this figure are all maximum value. The field data of Bohai Sea is from Yue et al. 

(2005) and Qu et al. (2006). 

CONCLUSIONS 

A bond model modified according to RBSM is introduced with DP-DEM. This method is 
based on building the cohesion of point pairs on the common face. The elastic matrix in 
RBSM is employed to determine the bond force between bonded points. Meanwhile, Mohr-
Coulomb criterion is adopted to detect the failure process. The stress is detected separately in 
normal and shear with different strength thresholds. The contact detection of dilated 
polyhedron is introduced to improve the computational efficiency. This method is used to 
simulate the interaction between level ice and conical structure. The result is compared with 
field data of Bohai Sea. Generally, the parameters, especially bond strengths, need more 
sensibility analysis on ice failure modes. 
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